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Abstract
Given a positive integer g, we denote byF(g) the set of all numerical semigroups with Frobenius number
g. The set (F(g),∩) is a semigroup. In this paper we study the generators of this semigroup.
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0. Introduction
A numerical semigroup is a subset S of N (the set of nonnegative integers) closed under






niai : k ∈ N, a1, . . . , ak ∈ A, n1, . . . , nk ∈ N
}
,
which is a numerical semigroup if and only if gcd(A) = 1, where gcd stands for greatest common
divisor. Usually A is known as system of generators of 〈A〉. It is well known (see for instance [1]
or [11]) that every numerical semigroup is ﬁnitely generated.
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The study of numerical semigroups is a classical problem equivalent to the study the set of
nonnegative integer solutions of a linear equation with coefﬁcients in N. Along this line there is
a huge amount of papers related to this problem (see for instance [16,3,4,9,15]; for nonnegative
integer solutions to systems of linear equations see [10,17] and the references given there). It is
alsowell known that if S is a numerical semigroup, thenH(S) = N \ S has ﬁnitelymany elements,
called gaps of S, and its cardinality is an important invariant of S (see for instance [7,1]). The
maximum of H(S) is the Frobenius number of S and we denote it by g(S).
Given {g1, . . . , gn} ⊆ N, deﬁne L(g1, . . . , gn) as the set of numerical semigroups S such
that {g1, . . . , gn} ⊆ H(S). The set of maximal elements (with respect to set inclusion) of
L(g1, . . . , gn) is denoted byML(g1, . . . , gn). The class of numerical semigroups studied in this
paper are the elements ofML(g1, g2), with g1, g2 ∈ N \ {0}. These semigroups will be called
atomic and as we will show this concept generalizes that of irreducible numerical semigroups. A
numerical semigroup is irreducible if it cannot be expressed as an intersection of two numerical
semigroups that contain it properly. In [14] it is shown that a numerical semigroup is irreducible
if and only if S ∈ML(g(S)). This in particular yields, from [1,5], that if g(S) is odd, then
S is irreducible if and only if S is symmetric (x ∈ Z \ S implies g(S) − x ∈ S); and for g(S)
even, S is irreducible if and only if S is pseudo-symmetric (x ∈ Z \ S and x /= g(S)/2 implies
g(S) − x ∈ S). This kind of numerical semigroup has been widely studied in the literature, not
only for their interest as numerical semigroups, but also for their connections with Commutative
Ring Theory through the so called semigroup ring associated to a numerical semigroup (see for
instance [6,8,2]).
The contents of this paper are organized as follows. Main result of Section 1 is Theorem
4 that states that a numerical semigroup is atomic if and only if it cannot be expressed as an
intersection of two numerical semigroups properly containing it and with the same Frobenius
number. We also give in this section an algorithmic procedure to compute ML(g1, g2). The
goal of Section 2 is to prove Theorem 19 where we describe those sets {g1, g2} ⊂ N \ {0}
such thatML(g1, g2) contains at least a non-irreducible numerical semigroup. It is well known
that the irreducible numerical semigroups can be characterized in terms of the cardinality of
their gaps (in fact they are those with the minimum number of gaps among the numerical
semigroups with the same Frobenius number). In Section 3 we prove that this is no longer
true for atomic numerical semigroups. Nevertheless we give lower and upper bounds for the
number of gaps for this kind of numerical semigroup. An interesting property of atomic numer-
ical semigroups is that every numerical semigroup S can be expressed as an intersection of
atomic numerical semigroups with Frobenius number g(S). In Section 4 we present an algo-
rithm for computing such a decomposition with the least possible number of atomic numerical
semigroups.
1. Atomic numerical semigroups
For a positive integer g, denote
F(g) = {S|S is a numerical semigroup and g(S) = g}.
Clearly (F(g),∩) is a semigroup. An element S ofF(g) is an atom if it is not the intersection
of two elements ofF(g) properly containing S. A numerical semigroup is an atomic if it is an
atom ofF(g(S)). From the definition of atom, it is easy to see that a numerical semigroup can be
expressed as an intersection of ﬁnitely many atoms ofF(g(S)) (the set of numerical semigroups
J.C. Rosales / Linear Algebra and its Applications 430 (2009) 41–51 43
properly containing S is ﬁnite, since N \ S has ﬁnitely many elements). Hence the atoms ofF(g)
are a system of generators of (F(g),∩).
Our main goal in this section is to prove Theorem 4 and to this end we need ﬁrst to introduce
some concepts and results.
Given a numerical semigroup S set
EH(S) = {x ∈ H(S)|2x ∈ S and x + s ∈ S for all s ∈ S \ {0}}.
The following result (whose proof is trivial) gives an interpretation of the set EH(S).
Lemma 1. Let S be a numerical semigroup and let x ∈ H(S). Then x ∈ EH(S) if and only if
S ∪ {x} is a numerical semigroup.
Observe that EH(N) = ∅ and that if S /= N is a numerical semigroup then g(S) ∈ EH(S).
From [13, Proposition 24] we deduce the following result (#A stands for cardinality of A).
Lemma 2. S is an atomic numerical semigroup if and only if #EH(S)  2.
Next result appears in [12].
Lemma 3. Let S be a numerical semigroup and let {g1, . . . , gn} be a subset of H(S). Then
S ∈ML(g1, . . . , gn) if and only if EH(S) ⊆ {g1, . . . , gn}.
Theorem 4. Let S be a numerical semigroup. Then S is atomic if and only if S = N, S = N \
{1} = 〈2, 3〉 or there exists two positive integers g1 < g2 such that S ∈ML(g1, g2).
Proof. Necessity. Assume that S /= N and S /= 〈2, 3〉. By Lemma 2, we know that #EH(S)  2.
If EH(S) = {g1 < g2}, them by Lemma 3 we know that S ∈ML(g1, g2). If #EH(S) = 1, then
EH(S) = {g(S)}. As S /= N and S /= N \ {1}, we deduce that #H(S)  2 and thus we can choose
h ∈ H(S) \ {g(S)}. Using again Lemma 3, we obtain that S ∈ML(h, g(S)).
Sufﬁciency. If S = N or S = N \ {1}, then clearly S is atomic. If S ∈ML(g1, g2), then Lemma
3 ensures that EH(S) ⊆ {g1, g2}, whence #EH(S)  2 and using Lemma 2 we get that S is
atomic. 
The following result appears in [12] and allows us to make a subdivision of the class of atomic
numerical semigroups into two subclasses.
Proposition 5. Anumerical semigroupS is irreducible if and only if either #EH(S) = 1orS = N.
As a consequence of Lemma 2 we have that S is an atomic numerical semigroup if and only
if either S is irreducible or #EH(S) = 2. Among the set of atomic numerical semigroups we
distinguish between those that are irreducible and those semigroups S for which EH(S) = 2,
calling them ANI-semigroups.
We ﬁnish this section by giving a procedure for computing the elements ofML(g1, g2) for
g1 < g2 two positive integers.
Denote by C(g1, g2) the set of elements S inL(g1, g2) such that {0, g2 + 1,→} ⊆ S (here
“→” means g2 + 1 + n is in the set for all n ∈ N). Obviously ML(g1, g2) = {S ∈ C(g1, g2)|
#EH(S)  2}.
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The following result is easy to prove and appears in [12]. As usual max(A) denotes the maxi-
mum of A.
Lemma 6. LetS andS be two numerical semigroups such thatS  S.Thenmax(S \ S) ∈ EH(S).
This result together with Lemma 1 allows us to perform the following construction. Let S, S ∈
C(g1, g2) such that S ⊆ S. Deﬁne the sequence of numerical semigroups Si , i ∈ N:
• S0 = S,
• Sn+1 =
{
Sn if Sn = S,
Sn ∪ {max(S \ Sn)} otherwise.
It is clear that if #(S \ S) = k, then
S = S0  S1  · · · Sk = S.
This idea allows us to construct all the elements of C(g1, g2). Start with S = {0, g2 + 1,→}.
Then we have that S ∪ {x1}, . . . , S ∪ {xr} ∈ C(g1, g2), for {x1, . . . , xr} = EH(S) \ {g2, g1}. We
repeat the process for each of these elements and the new ones arising. After a ﬁnite number of
steps we obtain the whole set C(g1, g2) (note that C(g1, g2) is ﬁnite).
We illustrate this procedure with an example.
Example 7. Let us compute the elements of ML(5, 7). We start with S = {0, 8,→}. Then
EH(S) = {4, 5, 6, 7} and thus {S, S ∪ {4}, S ∪ {6}} ⊆ C(5, 7). We repeat the process for S ∪
{4} and S ∪ {6}. As EH(S ∪ {4}) = {5, 6, 7} and EH(S ∪ {6}) = {3, 4, 5, 7}, we obtain
{S, S ∪ {4}, S ∪ {6}, S ∪ {4, 6}, S ∪ {3, 6}} ⊆ C(5, 7). Since EH(S ∪ {4, 6}) = {2, 5, 7} and
EH(S ∪ {3, 6}) = {5, 7}, we only get a new element ofC(5, 7), say S ∪ {2, 4, 6}. Finally EH(S ∪
{2, 4, 6}) = {7} meaning that the process is ended. Hence
C(5, 7) = {S, S ∪ {4}, S ∪ {6}, S ∪ {4, 6}, S ∪ {3, 6}, S ∪ {2, 4, 6}}
and
ML(5, 7) = {T ∈ C(5, 7)|EH(T )  2} = {S ∪ {3, 6}, S ∪ {2, 4, 6}} .
Note that S ∪ {2, 4, 6} is irreducible and that S ∪ {3, 6} is an ANI-semigroup. 
2. The sets EH(S) with two elements
The goal in this section is to determine which conditions must fulﬁl two positive integers
g1 < g2 so that there exists a numerical semigroup S with EH(S) = {g1, g2} (see Theorem 19).
This is equivalent to solving the problem of deciding whether or not inML(g1, g2) there is at
least an ANI-semigroup. Observe that if this is not the case, thenML(g1, g2) =ML(g2) and
thus g1 is redundant.
From [1, Lemmas I.1.8 and I.1.9], one can deduce the following result.
Lemma 8. Let S be a numerical semigroup.
(1) If g(S) is odd, then S is irreducible if and only if for all h, h′ ∈ Z such that h + h′ = g(S),
we have that either h ∈ S or h′ ∈ S (but not both).
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(2) If g(S) is even, then S is irreducible if and only if for all h, h′ ∈ Z \ {g(S)/2} such that
h + h′ = g(S), we have that either h ∈ S or h′ ∈ S (but not both).
Lemma 9. Let S be a numerical semigroup such that EH(S) = {g1 < g2}. Then
g1 = max
{
x ∈ H(S)|x /= g2
2
, g2 − x ∈ H(S)
}
.
Proof. As #EH(S) = 2, by Proposition 5, we know that S is not irreducible. Using Lemma 8, we
can state that there exists h = max{x ∈ H(S)|x /= g22 , g2 − x ∈ H(S)}. By the maximality of h,
it follows easily that h ∈ EH(S), whence h = g1. 
Note that if max{x ∈ H(S)|x /= g22 , g2 − x ∈ H(S)} exists, then it must be greater than g22 .
Hence we obtain the following consequence.
Lemma 10. Let S be a numerical semigroup such that EH(S) = {g1 < g2}. Then g22 < g1.
Next result can be deduced from [12].
Lemma 11. Let g1, . . . , gn be positive integers and let S ∈L(g1, . . . , gn). If there exists
h = max{x ∈ H(S)|2x ∈ S, gi − x ∈ H(S) for all i ∈ {1, . . . , n}},
then S ∪ {h} ∈L(g1, . . . , gn). Moreover, S ∈ML(g1, . . . , gn) if and only if this maximum does
not exist.
With all this, we can already give a characterization of all the elements ofML(g1, g2) that are
ANI-semigroups.
Proposition 12. Let g1, g2 be two positive integers such that g22 < g1 < g2. The following state-
ments are equivalent.
(1) S is a numerical semigroup with EH(S) = {g1, g2}.
(2) S ∈ML(g1, g2) and g2 − g1 ∈ S.
Proof. (1) implies (2). ByLemma3,we know thatS ∈ML(g1, g2). From the definition of EH(S)
we deduce that g2 − g1 ∈ S, since otherwise g2 = g1 + (g2 − g1) ∈ S, which is impossible.
(2) implies (1). If S ∈ML(g1, g2), then Lemma 3 states that EH(S) ⊆ {g1, g2}. Clearly g2 =
g(S) ∈ EH(S). We prove that g1 is also in EH(S). As 2g1 > g2 and g2 = g(S), we deduce that
2g1 ∈ S. If there were an element s ∈ S \ {0} such that g1 + s ∈ S, then by Lemma 11 we would
have that g2 − (g1 + s) ∈ S and thus g2 − g1 ∈ S, which is not possible. Hence 2g1 ∈ S and
g1 + s ∈ S for all s ∈ S \ {0}. Therefore g1 ∈ EH(S), whence EH(S) = {g1, g2}. 
Given a numerical semigroup S, set
Pg(S) = {h ∈ Z \ S|h + s ∈ S for all s ∈ S \ {0}}.
The cardinality of Pg(S) is know as the type of S and it is denoted usually by t (S).
Lemma 13 [13, Lemma 2]. Let S be a numerical semigroup and let x ∈ H(S). Then there exists
g′ ∈ Pg(S) such that g′ − x ∈ S.
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The following two lemmas are straightforward to prove.
Lemma 14. Let S be a numerical semigroup. Take g′ ∈ Pg(S) and let k ∈ N \ {0} such that
kg′ ∈ H(S). Then kg′ ∈ Pg(S).
Lemma 15. If S is a numerical semigroup and g′ ∈ Pg(S), then there exists k ∈ N \ {0} such
that kg′ ∈ EH(S).
Next lemma points out also the interest the set EH(S) has.
Lemma 16. Let S be a numerical semigroup and let x ∈ H(S) \ Pg(S). Then there exists g′ ∈
EH(S) such that g′ − x ∈ S.
Proof. Asx ∈ H(S), in viewofLemma13, there exists g¯ ∈ Pg(S) such that g¯ − x ∈ S. ByLemma
15, there exists k ∈ N \ {0} such that kg¯ ∈ EH(S). Now, kg¯ − x = (k − 1)g¯ + (g¯ − x) ∈ S, since
by Lemma 14, (k − 1)g¯ ∈ Pg(S) and in addition g¯ − x ∈ S. 
With this we can give a necessary condition for ML(g1, g2) to contain at least an ANI-
semigroup.
Lemma 17. Let S be a numerical semigroup with EH(S) = {g1 < g2}. Then either g2 − g1|g2
or 2g1 − g2 ∈ S (a|b stands for a divides b).
Proof. From Proposition 12, we already know that g2 − g1 ∈ H(S). We distinguish two cases.
• If g1 − g1 ∈ Pg(S), then Lemma 16 asserts that either g2 − (g2 − g1) ∈ S or g1 − (g2 −
g1) ∈ S. The ﬁrst condition cannot hold, and thus 2g1 − g2 = g1 − (g2 − g1) ∈ S.
• If g2 − g1 ∈ Pg(S), then by Lemma 15, there exists k ∈ N \ {0} such that k(g2 − g1) ∈
EH(S). Hence either g2 − g1|g2 or g2 − g1|g1. The proof follows from the fact that if
g2 − g1|g1, then g2 − g1|g2. 
The reader can easily prove the following result.
Lemma 18. Let g1, g2 be two positive integers such that 2g1 − g2|g1. Then 2g1 − g2|g2.
We are now ready to give the main characterization of this section.
Theorem 19. Let g1 < g2 be two positive integers. Then there exists a numerical semigroup S
such that EH(S) = {g1, g2} if and only if g22 < g1 and either g2 − g1|g2 or 2g1 − g2  | g2.
Proof. Necessity.LetS be anumerical semigroupwithEH(S) = {g1, g2}. ByLemma10,weknow
that g22 < g1 and by Lemma 17 that either g2 − g1|g2 or 2g1 − g2 ∈ S. If this latter condition
holds, then 2g1 − g2  | g2, since g2 ∈ S.
Sufﬁciency. Assume that g2 − g1|g2 and let S ∈ML(g1, g2). By Lemma 3 we know that
EH(S) ⊆ {g1, g2}. Clearly g2 − g1 ∈ S, and g1 ∈ S. Using Lemma 8 we deduce that S is not
irreducible. In view of Proposition 5, we can assert that EH(S) = {g1, g2}.
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Assumenow that 2g1 − g2  | g2.UsingLemma18wededuce thatS = 〈2g1 − g2, g2+1,→〉 ∈
L(g1, g2). Take S ∈ML(g1, g2) such that S ⊆ S. We prove that EH(S) = {g1, g2}. By Prop-
osition 12, it sufﬁces to show that g2 − g1 ∈ S. But this follows easily from the fact that if
g2 − g1 ∈ S, then g1 = (2g1 − g2) + (g2 − g1) ∈ S, contradicting that S ∈L(g1, g2). 
3. The number of gaps of an atomic numerical semigroup




2 if g is odd,
g+2
2 if g is even.
Irreducible numerical semigroups are the only numerical semigroups for which the above
inequality is an equality. This is actually a consequence of Lemma 8. In this way the elements of
ML(g), for g a positive integer, are characterized in terms of their number of gaps. Unfortunately,
the elements of ML(g1, g2) with g1 < g2 two positive integers, cannot be characterized in a
similar way as we show in this section. However lower and upper bounds for the cardinality of
H(S) with S ∈ML(g1, g2) can be given.
Next result is just a reformulation of Theorem 19.
Corollary 20. Let g1 < g2 be two positive integers. Then all the elements of ML(g1, g2) are
irreducible numerical semigroups if and only if one of the following conditions holds:
(1) g1  g22 ,
(2) g2 − g1  | g2 and 2g1 − g2|g2.
And as a consequence of this we obtain the following.
Corollary 21. Let g1 < g2 be two positive integers such that one of the following conditions
holds:
(1) g1  g22 ,
(2) g2 − g1  | g2 and 2g1 − g2|g2.




2 if g2 is odd,
g2+2
2 if g2 is even.
Note that if g1 < g2 are two positive integers such that among the elements ofML(g1, g2)
one can ﬁnd both irreducible and ANI-semigroups, then inML(g1, g2) there are elements with
different amounts of gaps. In view of Corollaries 20 and 21, if all the elements inML(g1, g2)
are irreducible numerical semigroups, then they all have the same number of gaps. The question
is: if all the elements inML(g1, g2) are ANI-semigroups, do they all have the same number of
gaps? The answer to this question is negative, as we see next.
48 J.C. Rosales / Linear Algebra and its Applications 430 (2009) 41–51
Proposition 22. Let g1, g2 be two positive integers such that g1 < g2. Every element of
ML(g1, g2) is an ANI-semigroup if and only if g2 − g1|g2 and g1 /= g22 .
Proof. Necessity. Ifg1 = g22 , thenusingCorollary 20weobtain that all the elements ofML(g1, g2)
are irreducible numerical semigroups. If g2 − g1  | g2, then set S = 〈g2 − g1, g2 + 1,→〉. Clearly
g(S) = g2. Take S ∈ML(g2) such that S ⊆ S. Then S is irreducible and S ∈L(g1, g2) (since
g1 ∈ S, because g2 − g1 ∈ S). Hence S ∈ML(g1, g2) and it is an irreducible numerical semi-
group, in contradiction to the hypothesis.
Sufﬁciency. Let S ∈ML(g1, g2). Then g(S) = g2 and if S is irreducible, then by Lemma
8 we deduce that g1 = g22 or g2 − g1 ∈ S. Note that if g2 − g1 ∈ S, then g2 − g1  | g2, since
g2 ∈ S. 
As a consequence of the results presented so far in this section we obtain the following.
Corollary 23. Let g1, g2 be two positive integers such that g1 < g2, g2 − g1|g2 and g1 /= g22 .




2 + 1 if g2 is odd,
g2+2
2 + 1 if g2 is even.
We illustrate with an example that if all the elements in ML(g1, g2) are ANI-semigroups,
these elements do not necessarily have the same number of gaps.
Example 24. Let g1 = 14 and g2 = 15. By Proposition 22 we know that all the elements in
ML(14, 15) are ANI-semigroups. Take S1 = 〈4, 9, 19〉 and S2 = 〈8, 9, 10, 11, 12, 13〉. Then
EH(S1) = EH(S2) = {14, 15}, whence by Lemma 3, S1, S2 ∈ML(14, 15). An easy computation
shows that #H(S1) = 10 /= 9 = #H(S2). 
This example also shows that the bound given in Corollary 23 is reached by S2.
Corollary 20 and Proposition 22 characterize the extremal cases, that is, when the elements of
ML(g1, g2) are of the same kind. The usual situation is that inML(g1, g2) one can ﬁnd both
types of numerical semigroups (irreducibles and ANI-semigroups). This situation occurs if and
only if g22 < g1 < g2, g2 − g1  | g2 and 2g1 − g2  | g2 (this is a consequence of Corollary 20 and
Proposition 22).
Proposition 25. Let g1, g2 be two positive integers such that g22 < g1 < g2 and g2 − g1  | g2.
Let S be a numerical semigroups. Then EH(S) = {g1, g2} if and only if S ∈ML(g1, g2) and
2g1 − g2 ∈ S.
Proof. Necessity. Follows from Proposition 12 and Lemma 17.
Sufﬁciency. Using Proposition 12, it is enough to prove that g2 − g1 ∈ S. But this is clear since
g1 = (2g1 − g2) + (g2 − g1) and thus g2 − g1 ∈ S implies g1 ∈ S, which is impossible. 
If g1, g2 are two positive integers such that
g2
2 < g1 < g2, g2 − g1  | g2 and 2g1 − g2  | g2,
then we know that ML(g1, g2) contains both irreducible and ANI-semigroups. As a conse-
quence of Proposition 25, we have that the ANI-semigroups ofML(g1, g2) are those elements
inML(g1, g2) containing 〈2g1 − g2, g2 + 1,→〉.
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We ﬁnish this section by giving an upper bound for the cardinality of H(S) with S an ANI-
semigroup.
For an arbitrary numerical semigroup S, set
n(S) = #{s ∈ S|s < g(S)}.
It follows that g(S) + 1 = n(S) + #H(S). In the sequel we assume that
{s ∈ S|s < g(S)} = {0 = s1 < · · · < sn(S)}.
Proposition 26. Let S be a numerical semigroup and let
ϕ : H(S) \ Pg(S) → EH(S) × {s2, . . . , sn(S)},
ϕ(h) = (g(h), g(h) − h),
where g(h) = min{g′ ∈ EH(S)|g′ − h ∈ S} (min(A) stands for minimum of A). Then ϕ is well
deﬁned and it is into.
Proof. Lemma 16 ensures that ϕ is well deﬁned. Trivially ϕ is injective. 
Recalling that t (S) = #Pg(S) (the type of S), we get the following result.
Corollary 27. Let S be a numerical semigroup. Then
#H(S)  t (S) + #EH(S)(n(S) − 1).
Using now that g(S) + 1 = #H(S) + n(S), and that for ANI-semigroups #EH(S) = 2, Corol-
lary 27 yields the following.
Corollary 28. Let S be an ANI-semigroup. Then
#H(S)  t (S) + 2g(S)
3
.
This bound is reached as shown in the next example.
Example 29. Let S = 〈5, 6, 7, 8, 9〉. Then EH(S) = {3, 4}, g(S) = 4, #H(S) = 4 and t (S) =
4. 
4. Minimal atomic decompositions of a numerical semigroup
Let S be a numerical semigroup.We denote byA(S) the set of all atoms ofF(g(S)) containing
S. At the beginning of Section 1 we pointed out that there exist S1, . . . , Sn ∈A(S) such that
S = S1 ∩ · · · ∩ Sn. An expression ofS of this form is said to be anatomic decomposition ofS. If for
any other atomic decomposition S = S′1 ∩ · · · ∩ S′m, we have that m  n, then the decomposition
S = S1 ∩ · · · ∩ Sn is minimal.
Our aim in this section is to present a procedure for computing aminimal atomic decomposition
of any numerical semigroup.
If we denote by O(S) the set of numerical semigroups S in F(g(S)) such that S ⊆ S, then
Lemmas 1 and 6 allow us to construct all the elements of O(S). The procedure is the following:
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once we have computed S′ ∈ O(S) (the starting point is S′ = S), we have that S′ ∪ {x1}, . . . , S′ ∪
{xr} ∈ O(S), where {x1, . . . , xr} = EH(S′) \ {g(S)}. We repeat the process with each of this
new semigroups. After computing O(S),A(S) can be obtained easily using thatA(S) = {S′ ∈
O(S)|#EH(S′)  2}.
Example 30. Let S = {0, 9,→}. Then g(S) = {8} and EH(S) = {5, 6, 7, 8}. Using Lemma 1, we
have that {S, S ∪ {5}, S ∪ {6}, S ∪ {7}} ⊆ O(S).We repeat the process forS ∪ {5},S ∪ {6} andS ∪
{7}. As EH(S ∪ {5}) = {6, 7, 8}, EH(S ∪ {6}) = {3, 5, 7, 8} and EH(S ∪ {7}) = {5, 6, 8}, we get
thatS ∪ {5, 6},S ∪ {5, 7},S ∪ {3, 6} andS ∪ {6, 7} are also inO(S). Taking into account these new
semigroups, we have that EH(S ∪ {5, 6}) = {7, 8}, EH(S ∪ {5, 7}) = {6, 8}, EH(S ∪ {3, 6}) =
{7, 8} and EH(S ∪ {6, 7}) = {5, 3, 8}. Hence two new element ofO(S) arise: S ∪ {5, 6, 7} and S ∪
{3, 6, 7}. Finally, EH(S ∪ {3, 6, 7}) = EH(S ∪ {5, 6, 7}) = {8} and thus byLemma 6we conclude
that
O(S) = {S, S ∪ {5}, S ∪ {6}, S ∪ {7}, S ∪ {5, 6}, S ∪ {5, 7},
S ∪ {3, 6}, S ∪ {6, 7}, S ∪ {5, 6, 7}, S ∪ {3, 6, 7}} .
Therefore
A(S) = {S ∪ {5, 6}, S ∪ {5, 7}, S ∪ {3, 6}, S ∪ {5, 6, 7}, S ∪ {3, 6, 7}} . 
The following result is straightforward to prove. We use Minimals⊆A(S) to denote the set of
minimal elements inA(S) with respect to set inclusion.
Lemma 31. Let S be a numerical semigroup and assume that Minimals⊆A(S) = {S1, . . . , Sn}.
Then S = S1 ∩ · · · ∩ Sn.
The decomposition given in Lemma 31 is not in general minimal. In the above example,
Minimals⊆A(S) = {S ∪ {5, 6}, S ∪ {5, 7}, S ∪ {3, 6}}. But S = (S ∪ {5, 6}) ∩ (S ∪ {5, 7}) ∩
(S ∪ {3, 6}) is not a minimal decomposition, since S = (S ∪ {5, 7}) ∩ (S ∪ {3, 6}). The decom-
position proposed in Lemma 31 is not minimal, though it can be reﬁned to a minimal one (it
contains a minimal one). This is always the case for any numerical semigroup.
Proposition 32. Let S be a numerical semigroup and let S1, . . . , Sn ∈A(S) be such that S =
S1 ∩ · · · ∩ Sn. Then there exists S′1, . . . , S′n ∈ Minimals⊆A(S) such that S = S′1 ∩ · · · ∩ S′n.
Proof. Just take for every i ∈ {1, . . . , n} a numerical semigroup S′i ∈ Minimals⊆A(S) such that
S′i ⊆ Si . The proof follows then by Lemma 31. 
Therefore in order to compute a minimal decomposition of a numerical semigroup S we only
have to perform the following steps.
(1) Compute the set Minimals⊆(A(S)) = {S ∪ A1, . . . , S ∪ An}.
(2) Find {i1, . . . , ir} ⊆ {1, . . . , n} with minimal cardinality such that Ai1 ∩ · · · ∩ Air is empty.
(3) S = (S ∪ Ai1) ∩ · · · ∩ (S ∪ Air ) is a minimal atomic decomposition of S.
The complexity of this procedure strongly depends on the ﬁrst step. Once we are given a
numerical semigroup, the set Minimals⊆(A(S)) = {S ∪ A1, . . . , S ∪ An} is computed following
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[12]. Unfortunately, the set of oversemigroups of S can only be (trivially) bounded by the set of
subsets of N \ S.
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